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Introduction and Results
Let > 1 be a real number. The -transformation is the map T : 0; 1) 7 ! 0; 1) given by T x = x ? x]; for all x 2 0; 1) 1991 Mathematics Subject Classi cation. 28D05, 11K31, 11K06.
where t] is the largest integer which is not greater than t. Ergodic properties of We ask when is fy n ( )g uniformly distributed?
It turns out that for both questions the answer is that must satisfy a quadratic equation, x 2 = kx +`, where k;`2 Z, k 1, k ` 0.
In integer cases, the answers to those two questions are well known. We consider Clearly, if is an integer then fx n g and fy n g coincide. We may de ne z n ( ) = S n x.
By the ergodicity of S (see e.g. 2] pp168-172) and the fact that S preserves Lebesgue measure, we see that fz n ( )g is uniformly distributed for almost all x.
Comparing the de nitions of fy n ( )g and S, it might have seemed plausible that, for any > 1, fy n ( )g should be uniformly distributed for almost all x.
It is also interesting to compare Theorem 2 with the results of 6]. F. Schweiger in 1972 studied sequences similar to our fy n ( )g for some special Oppenheim series ( 6] , see also 7]). The Oppenheim series is de ned as follows:
Let a n be a decreasing sequence with a 1 = 1 and lim n!1 a n = 0. Let b n 1.
The map T : 0; 1) 7 ! 0; 1) is piecewise de ned as Tx = 1 b n
x ? a n+1 a n ? a n+1 ; x 2 a n+1 ; a n ):
We de ne T0 = 0, if necessary.
For x 2 0; 1), let u n = T n x and v n = b k n u n , if u n?1 2 a k n +1 ; a k n ). Schweiger 6] showed that in cases 1. a n = 1=n, b n = 1 (L uroth's series),
2. a n = 1=n, b n = n (Engel's series) and 3. a n = 1=n, b n = n(n + 1) (Sylvester's series) fv n g is uniformly distributed for almost all x 2 0; 1).
If, for non-integral > 1, we let a 1 = 1, a n = ( ] + 2 ? n)= , n = 2; ; ] + 2 and a n = 0 for n > ] + 2, and let b 1 = 1=( ? ]) and b n = 1 for n > 1, then the map T is just the -transformation T , and fv n g is just fy n ( )g. Again, this might have suggested the possibility of uniform distribution of fy n ( )g.
Before giving the proofs let us develop some background concerning -expansions. Then we have
where " 1 = ] and (2) is called the -expansion of 1. Notice that to say 2 A is equivalent to say that the expansion of 1 is
We also denote T 0 1 = 1, T 1 = ? ] and T n 1 = T (T n?1 1) for n 2. -expansions have the following properties:
(P). Let (2) be the -expansion of 1. For any x 2 0; 1) with the -expansion given by (1) and any n 1 we have (c n ; c n+1 ; c n+2 ; ) < (" 1 ; " 2 ; " 3 ; );
where \<" is according to the lexicographical order.
By (P) we get that for any n 2 (" n ; " n+1 ; " n+2 ; ) < (" 1 ; " 2 ; " 3 ): 1 + 1 if 0 x <`
This shows that = +1 .
On the other hand, suppose that = for some > 1. Then we must have Then the right hand side of (4) is the a-expansion of " m . Since > we get e i " m . By (3) and (4) 
Thus if (6) holds we would have 6 = .
If (6) 
Since h (x) = h (x) for each 1 ` m ? 1 there would exist 1 k m ? 1 such that T` 1 = T k 1. Then by (7) we get 1 = " 1 + " m m : (8) In fact if (8) were not true then we would have T j 1 1 m?2 for any 1 j m?1. Therefore, we have = . This completes the proof. 
where (x) = h (x)=c is the density function of . In order that fy n ( )g be uniformly distributed, we need that G 0 (t) 1. Noting that (t) is a decreasing step function and G(t) is a distribution function, we obtain that G 0 (t) 1 if and only if each term in the sum of the right hand side of (2) In this case, each term of the right hand side of (2) is a constant. Therefore, G 0 (t) 1 which implies that fy n ( )g is uniformly distributed for almost all x. 
